THINGS WE TAKE FOR GRANTED IN QUANTUM MECHANICS..... (4) States such as energy eigenstates must form a complete set (5) To be complete states must be normalizable (6) The scalar product must be given as m|n = δ m,n (7) The completeness relation must be given by |n n| = 1 (8) Theories in which n|n is negative are unphysical and cannot be formulated in Hilbert space 
AND CAN ENABLE FOURTH-ORDER DERIVATIVE CONFORMAL GRAVITY TO BE A CONSISTENT THEORY OF QUANTUM GRAVITY IN FOUR SPACETIME DIMENSIONS THE QUANTUM GRAVITY UNITARITY PROBLEM
In four spacetime dimensions invariance under g µν (x) → e 2α(x) g µν (x) (1) leads to a unique gravitational action
where α g is dimensionless and 
Conformal gravity is thus a renormalizable theory of gravity since α g is dimensionless. Moreover, conformal gravity controls the cosmological constant. Specifically, in a RobertsonWalker cosmology we have C µλνκ = 0, to yield
so unlike the double-well Higgs potential, conformal gravity knows where the zero of energy is. However, since the field equations are fourth-order derivative equations, the theory is thought to have negative norm ghost states and not be unitary.
To illustrate the issues involved, consider the typical second-plus fourth-order derivative theory: )φ(x, t) = 0 (7)
Does the relative minus sign in propagator mean ghost states with negative norm and loss of unitarity, since anticipate that one can write the propagator as
and the completeness relation as |n n| − |m m| = 1.
PAIS-UHLENBECK OSCILLATOR φ(x, t) ∼ z(t)e ik·x , ω 1 = (k 2 + M 2 ) 1/2 , ω 2 = |k| (11) 
The states of negative norm are also states of INFINITE norm since dxdzψ * 0 (z, x)ψ 0 (z, x) is divergent, and when acting on such states, one CANNOT set
p z and z not Hermitian -they are anti-Hermitian.
The Hamiltonian is not Hermitian -but it is PT symmetric, and thus still has real eigenvalues. Bender and collaborators showed that H = p 2 +ix 3 has a completely real energy spectrum.
Hamiltonian can be diagonalized by a similarity transformation which is non-unitary since Q is Hermitian rather than anti-Hermitian. Original Hamiltonian H is thus a Hermitian Hamiltonian as written in a skew basis. The eigenstates of H andH are not unitarily equivalent, and thus ....
....THE NORM IS NOT THE DIRAC NORM
The energy eigenbra n|e −Q = n|P C is not the Dirac conjugate of the energy eigenket |n , since n|H † = n|E n is not an eigenvalue equation for H. ñ|m = δ m,n , Σ|ñ ñ| = 1,H = Σ|ñ E n ñ| (32)
The e −Q norm is positive and so theory is unitary. Since C 2 = 1, its eigenvalues are ±1, with the relative plus and minus signs in the fourth-order propagator being due to the fact that the two poles have opposite signed eigenvalues of C.
NON-HERMITICITY AND UNITARITY
i d dt |R S (t) = H|R S (t) , −i d dt R S (t)| = R S (t)|H † (34) |R S (t) = e −iHt |R S (0) , R S (t)| = R S (0)|e iH † t (35) R S (t)|R S (t) = R S (0)|e iH † t e −iHt |R S (0) = R S (0)|R S (0) NOT UNITARY (36) R S (t)|A S |R S (t) = R S (0)|e iH † t A S e −iHt |R S (0) (37) A H (t) = e iH † t A S e −iHt (38) OBTAIN i d dt A H (t) = A H (t)H − H † A H (t), i d dt A H (t) = A H (t)H − HA H (t) NEEDED (39) i d dt |R S (t) = H|R S (t) , −i d dt L S (t)| = L S (t)|H (40) |R S (t) = e −iHt |R S (0) , L S (t)| = L S (0)|e iHt (41) L S (t)|R S (t) = L S (0)|e iHt e −iHt |R S (0) = L S (0)|R S (0) UNITARY(42)
LEFT-EIGENVECTOR IS NOT DIRAC CONJUGATE OF RIGHT EIGENVECTOR
H † = e −Q He Q , R|H † = R|E, R|e −Q H = R|e −Q E, L| = R|e −Q , |R L| = |R R|e −Q = 1 (43) [e −Q H] † = H † e −Q = e −Q H, H is not Hermitian but is SELF − ADJOINT(44)
NON-DIAGONALIZABILITY AND UNITARITY THE SINGULAR EQUAL-FREQUENCY LIMIT
In equal frequency limit the diagonalizing operator Q becomes singular and partial fraction decomposition of propagator becomes undefined.
TWO one-particle states have collapsed into ONE state. THE MISSING ENERGY EIGENSTATES....
Non-diagonalizable, Jordan-block matrix with TWO eigenvalues (λ 1 = 1, λ 2 = 1 since T r = 1, Det = 1), but only ONE eigenvector.
... BECAME NONSTATIONARŶ
Stationary plus non-stationary together are complete since just the right number of independent polynomial functions of x and y.
Norm preserved in time so time evolution is unitary. "The net effect is that the translation generator D acts as
where P would represent ordinary translations and the off-diagonal * arises from [D, ∂ I ] = 0. This matrix is not diagonalizable. This clashes with our usual experience. We are accustomed to the idea that the translation generators are Hermitian operators and so can be diagonalized. However, conformal supergravity is not a unitary theory, and one symptom of this is that the translation generators are undiagonalizable." ======= Bender and Mannheim: Not so fast.
WHAT IS SO SPECIAL ABOUT FOURTH-ORDER THEORIES TO CAUSE ALL THIS
Consider the Lehmann Representation for a scalar field. Assume translation invariance and a bounded, real energy eigenspectrum with states of 4-momentum k n µ with k n 0 > 0. We can set φ(x) = e iP ·x φ(0)e −iP ·x . Provisionally set |n n| = 1. Then can show
Now introduce the spectral function
and set
Thus finally obtain the Lehmann representation Solution is that spectral function cannot be positive definite, and we cannot set |n n| = 1. Rather we must set |n n|e −Q = 1 (and not |n n| − |m m| = 1), and distinguish between left and right momentum eigenvectors. Thus must use |R and L| = R|e −Q . With this choice, the spectral function is replaced by
Now there is no positivity requirement and we can cancel the 1/k 2 behavior without having to give up unitarity. Since we still impose the reality of the momentum eigenvalues, the Hamiltonian of the theory must be P T invariant rather than Hermitian. From the Lehmann representation we thus conclude that the Hamiltonian of theories such as the fourth-order Pais-Uhlenbeck oscillator cannot be Hermitian and must instead be PT invariant, just as we had found directly. . Hence there will be a contradiction with the Lehmann representation if we require the standard |n n| = 1. Rather, such theories must be P T theories rather than standard Hermitian ones. Hence once we depart from second-order equations we are forced to P T -invariant, nonHermitian Hamiltonians. P T -invariance is thus the general rule, and it is only a historical accident (second-order theories were encountered first) that it was not discovered earlier.
THE REMARKABLE MORAL OF THE STORY

GENERAL ASPECTS OF PT SYMMETRY
The following PT theorems have now been established: Thus [H, P T ] = 0 and [C, P T ] = 0 is NECESSARY and SUFFI-CIENT condition for reality of energy eigenvalues.
DYNAMICAL SYMMETRY BREAKING AND THE COSMOLOGICAL CONSTANT PROBLEM
The zero-point energy and cosmological constant problems are two separate problems. With dynamical symmetry breaking they solve each other.
The zero-point energy problem already exists in a free field theory, and as such is separate from any cosmological constant term that might be induced by spontaneous symmetry breaking. The cosmological constant is associated with the minimum of the symmetry breaking potential while the zero-point energy is associated with the fluctuations about it. Moreover, the zero-point term and the cosmological constant term even transform differently under a general coordinate transformation, the former possessing a fluid velocity and being maximally 3-symmetric, with the latter possessing no fluid velocity and being maximally 4-symmetric. The zero-point fluctuation term is associated with a perfect matter fluid in which both ρ m and p m are positive,-so that T µν = (ρ m +p m )U µ U ν +p m g µν . While the cosmological constant term is associated with a perfect fluid in which p = −ρ, -so that T µν = −Λg µν .
When the symmetry is broken dynamically by fermion condensates, it is the fermionic zero-point fluctuations which cause the change in the vacuum in the first place, to thus actually produce the cosmological constant. In this case the zero-point and cosmological constant terms are not independent, and are related in a way which allows each one to cancel the other, so that both the zero-point and cosmological constant problems solve each other.
For a free quantum fermion field, in a mode of the form
the vacuum expectation value of T µν ∼ψγ µ ∂ ν ψ is due to the non-vanishing of
to yield the zero-point fluctuation contribution
and a perfect fluid form T µν = (ρ m + p m )U µ U ν + p m g µν where ρ m and p m have the SAME sign. That this is NOT a perfect fluid with p m = −ρ m is because the averaging is only 3-dimensional, i.e. for modes which obey the wave equation only the 3-momentum is averaged over. Moreover, the velocity of the fluid U µ is a timelike vector, and is allowed simply because a Minkowski metric distinguishes between timelike and spacelike.
In flat space, for T µν ∼ k µ k ν /E k one can also construct the total energy and momentum as P µ = d with there being no zero-point total momentum. However one can also evaluate
to thus yield a zero-point quadrupole pressure tensor. Thus the absence of a zero-point total momentum does not mean the absence of a zero-point pressure; and while such a term plays no role in flat space it still couples to gravity in curved space.
To underscore the fact that the zero-point term is not the same as a cosmological constant term, we note that for a free massless field where p µ p µ = 0, the energy-momentum tensor is traceless and ρ m = 3p m , something not possible for a cosmological constant term, since a traceless Λg µν would require Λ = 0.
A cosmological constant term is induced when the symmetry is broken and adds a term of the form of T µν = −Λg µν . It yields a contribution to the trace of the form T µ µ = −4Λ, with the zero-point energy and the cosmological constant terms thus being different. In the presence of both the energy density is given by T 00 = ρ m + Λ.
When mass is generated dynamically in a four-Fermi theory, the mean field is produced by zero-point fluctuations. The cosmological constant is thus induced by zero-point fluctuations also and can thus be related to the zero-point energy. Since the trace of T µν is zero in a conformal invariant theory, 3p m −ρ m −4Λ = 0, and the zero-point and cosmological constant terms cancel each other identically. Neither can be bigger or smaller than the other.
FOUR-FERMI MEAN-FIELD THEORY IN TWO DIMENSIONS
In D = 2 the four-Fermi theory is defined via
with the energy-momentum tensor being traceless. In the mean-field approximation one looks for self-consistent, translation invariant, states |S in which
with the mean-field approximation preserving tracelessness.
In a plane wave solution
we find that Ω|iψγ
due to zero-point fluctuations since
CANCELLATION OF ZERO-POINT AND Λ IN TRACE OF T µν
Incoherently adding together modes with p µ = (E p , p) and (E p , −p) gives Comparison test: If Higgs is a c-number condensate then will NOT be produced in an accelerator such as the LHC, while if Higgs is fundamental then will be produced in an accelerator.
CANCELLATION OF ZERO-POINT AND Λ IN T µν ITSELF
In four spacetime dimensions invariance under
leads to a unique gravitational action
where α g is dimensionless and C λµνκ is the conformal Weyl tensor. The associated gravitational equations of motion are the fourth-order derivative:
and thus in cosmology where C λµνκ = 0, we obtain
Thus again get cancellation of zero-point and Λ terms in T µν itself, but now need to include zero-point fluctuations in gravitational field as well. While S|[2C µλνκ ;λ;κ − C µλνκ R λκ ]|S vanishes in a classical cosmological background, quantum-mechanically there is a zero-point fluctuation contribution. Using the gravitational zero-point fluctuations to cancel the matter field zero-point fluctuations and Λ is only achievable in a renormalizable theory of gravity. Hence works in conformal gravity but not in standard gravity.
FOURTH ORDER UNITARITY PROBLEM
I = 1 2 d 4 x ∂ µ ∂ ν φ∂ µ ∂ ν φ − M 2 ∂ µ φ∂ µ φ (82) (∂ 2 t − ∇ 2 )(∂ 2 t − ∇ 2 + M 2 )φ(x, t) = 0 (83) D (4) (k 2 ) = 1 k 2 (k 2 − M 2 ) = 1 M 2   1 k 2 − M 2 − 1 k 2   (84) ∆ int F (x − y) = i Ω|T [φ(x)φ(y)]|Ω (85) n |n n| = 1 (86) ρ(q 2 ) = (2π) 3 n δ 4 (k n µ − q µ )| Ω|φ(0)|k n µ | 2 θ(q 0 ) (87) ∆ int F (x − y) = ∞ 0 dm 2 ρ(m 2 )∆ free (F,2) (x − y; m 2 ) (88) D(x,x ′ , E) = n ψ n (x)ψ * n (x ′ ) E − E n (89) n |n n| − m |m m| = 1 (90) 3 THE PAIS-UHLENBECK OSCILLATOR φ(x, t) ∼ z(t)e ik·x , ω 1 = (k 2 + M 2 ) 1/2 , ω 2 = |k| (91) d 4 z dt 4 + (ω 2 1 + ω 2 2 ) 1 2γω 1 (ω 2 1 − ω 2 2 ) , [a 2 , a † 2 ] = − 1 2γω 2 (ω 2 1 − ω 2 2 ) (98) a 1 |Ω = a 2 |Ω = 0, H PU |Ω = 1 2 (ω 1 + ω 2 )|Ω , Ω|a 2 a † 2 |Ω < 0, a 1 |Ω = a † 2 |Ω = 0, H PU |Ω = 1 2 (ω 1 − ω 2 )|Ω , Ω |a † 2 a 2 |Ω > 0(99)
SOLUTION: HAMILTONIAN NOT HERMITIAN -BUT IT IS PT SYMMETRIC
p x = −i ∂ ∂x , p z = −i ∂ ∂z (100) ψ 0 (z, x) = exp γ 2 (ω 1 + ω 2 )ω 1 ω 2 z 2 + iγω 1 ω 2 zx − γ 2 (ω 1 + ω 2 )x 2 (101) [z, p z ] = i,   e iθ z, − i e iθ ∂ ∂z   ψ(e iθ z) = iψ(e iθ z)(102)y = e πp z z/2 ze −πp z z/2 = −iz, q = e πp z z/2 p z e −πp z z/2 = ip z (103) H = p 2 2γ − iqx + γ 2 ω 2 1 + ω 2 2 x 2 + γ 2 ω 2 1 ω 2 2 y 2 , p = p x (104) [p, x] = i, [q, y] = i (105) C 2 = 1, [C, P T ] = 0, [C, H] = 0, C = e Q P (106) Q = α[pq + γ 2 ω 2 1 ω 2 2 xy], α = 1 γω 1 ω 2 log   ω 1 + ω 2 ω 1 − ω 2  (107)H = e −Q/2 He Q/2 = p 2 2γ + q 2 2γω 2 1 + γ 2 ω 2 1 x 2 + γ 2 ω 2 1 ω 2 2 y 2(108)
THE NORM IS NOT THE DIRAC NORM -IT IS THE PT NORM
, n|e
NON-DIAGONALIZABILITY AND UNITARITY-EQUAL-FREQUENCY LIMIT IS SINGULAR
,Ê 2 =Ê 0 + 2ω (131) 8 THE MISSING ENERGY EIGENSTATES....
(140) This matrix is not diagonalizable. This clashes with our usual experience. We are accustomed to the idea that the translation generators are Hermitian operators and so can be diagonalized. However, conformal supergravity is not a unitary theory, and one symptom of this is that the translation generators are undiagonalizable." 
SHORTCOMINGS OF EINSTEIN GRAVITY
C λµνκ (154) 12 STANDARD COSMOLOGY
13 CONFORMAL COSMOLOGY
(171)
(173) 
TWO BIG PROBLEMS: COSMOLOGICAL CONSTANT and QUANTUM GRAVITY SHOULD HAVE A COMMON SOLUTION
To solve them both at once need a theory of gravity with dimensionless coupling constants and no fundamental mass scales. Then theory is renormalizable and there is no cosmological constant at the level of the Lagrangian. To achieve impose invariance under local conformal transformations of the form
as it leads to a unique gravitational action
;λ;κ − C µλνκ R λκ ] = T µν (182)
In the theory G N is induced dynamically (just like the weak interaction G F ), with this G N only controlling local physics, and with the standard solar system predictions remaining intact. Because of early universe phase transitions an electroweak scale Λ is induced dynamically as the universe cools. However, at the same time an effective global cosmological G eff is also induced, with this G eff being found to naturally be altogether smaller than G N . In the theory the standard Ω Λ = 8πG N Λ/3cH 2 is replaced bȳ Ω Λ = 8πG eff Λ/3cH 2 , and one can prove a bound
no matter how big Λ might be. The contribution of Λ to cosmic evolution is thus naturally tamed without any fine-tuning. In conformal gravity then one does not need to quench Λ at all. Rather, one quenches the amount by which Λ gravitates. 
Reconstruction of the square step V J (|w|) = 1, 1 < |w| < 2, V J = 0 otherwise via sum V J (|w|) = IMPLICATION: H|ψ = E|ψ is linear. No reference to ψ|ψ . Thus left eigenvector which obeys L|H = L|E need not be conjugate of right eigenvector which obeys H|R = E|R .
